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Abstract. Mulmuley and Sohoni [28, 29] proposed to view the permanent versus determinant 
problem as a specific orbit closure problem and to attack it by methods from geometric 
invariant and representation theory. We adopt these ideas towards the goal of showing lower 
bounds on the border rank of specific tensors, in particular for matrix multiplication. We 
thus study specific orbit closure problems for the group G — Gh{Wi) x GL(W2) x GL(W3) 
acting on the tensor product W — W\ Cgi W2 ® W3 of complex finite dimensional vector 
spaces. Let Gs = SL(Wi) x SL(W^2) x SL(W3). A key idea from [29] is that the irreducible Gs- 
representations occurring in the coordinate ring of the G-orbit closure of a stable tensor w £W 
are exactly those having a nonzero invariant with respect to the stabilizer group of w. 

However, we prove that by considering Gs-representations, as suggested in [28, 29], only 
trivial lower bounds on border rank can be shown. It is thus necessary to study G-representa- 
tions, which leads to geometric extension problems that are beyond the scope of the subgroup 
restriction problems emphasized in [28, 29]. We prove a very modest lower bound on the 
border rank of matrix multiplication tensors using G-representations. This shows at least 
that the barrier for Gs-representations can be overcome. To advance, we suggest the coarser 
approach to replace the semigroup of representations of a tensor by its moment polytope. We 
prove first results towards determining the moment polytopes of matrix multiplication and 
unit tensors. 
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1. Introduction 

Mulmuley and Sohoni [28, 29] proposed to view the permanent versus determinant problem 
as a specific orbit closure problem and to attack it by methods from geometric invariant and 
representation theory. So far there has been little progress with this approach, mainly due to 
the difficulty of the various arising mathematical problems [6]. It is the goal of this paper to 
examine and to further develop the collection of ideas from [28, 29] at a problem simpler than 
the permanent versus determinant, but still of considerable interest for complexity theory. 

The complexity of matrix multiplication is captured by the rank of the matrix multiplication 
tensor, a quantity that, despite intense research efforts, is little understood. Strassen [37] 
already observed that the closely related notion of border rank has a natural formulation as a 
specific orbit closure problem. Moreover, it is remarkable that the best known lower bound on 
the rank of matrix multiplication (Blaser [2]) owes its existence to an explicit construction of 
an invariant polynomial in the vanishing ideal of certain secant varieties (Strassen [36]). 

We carried out the program in [28, 29] for the matrix multiplication versus unit tensor prob- 
lem. More specifically, we determined the stabilizers (symmetry groups) of the corresponding 
tensors and verified that they are stable. Moreover, we found explicit representation theoretic 
characterizations of the irreducible Gg-representations occurring in the coordinate rings of the 
G-orbit closures of these tensors in terms of nonvanishing of Kroneckcr coefficients and related 
quantities {G and Gg stand for a product of general linear groups and special linear groups, 
respectively, cf. (2.1) and §3.5). 

Unfortunately, it turns out that using Gg-representations, only trivial lower bounds on border 
rank can be shown (Theorem 4.6)! This insight is one of our main results. It does not kill the 
overall program, but implies, unlike proposed in [28, 29], that the finer G-representations have 
to be considered instead. As a consequence, the stability property is not enough to overcome 
the issue of orbit closures and additional properties, beyond the subgroup restriction problems 
emphasized in [28, 29], need to be studied. What we have to face is the problem of extending 
(highest weight) regular functions from an orbit to its orbit closure. It turns out that this can 
be captured by a single integer k that seems of a geometric nature (cf. Theorem 7.1). Currently 
we understand the extension problem very little. 

In §6 we prove, for the first time, a lower bound on the border rank of matrix multiplication 
tensors using G-representations. While this bound is still very modest, it shows at least that 
the barrier for Gs-representations from Theorem 4.6 can be overcome. 

A natural approach to advance is to take a coarser, asymptotic viewpoint which replaces 
the semigroup of representations by the their moment polytopes [3, 38]. We prove first results 
towards determining the moment polytopes of matrix multiplication and unit tensors. This is 
based on the asymptotic properties of the Kronecker polytope derived in [4]. 

Due to lack of space most of the proofs had to be omitted in this extended abstract. Full 
proofs are provided in the appendix. 

2. Preliminaries 

2.1. Tensor rank. Let VFi, W2, VF3 be finite dimensional complex vector spaces of dimensions 
mi, 7712,7713, respectively. We put W := Wi (8) W2 <Si Ws and call m = {mi, 1712,1713) the format 
of W. The elements w W shall be called tensors and w is called indecomposable if it has 
the form w = wi ^ W2 w^. The rank R{w) ol w & W is defined as the minimum r G N such 
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that w can be written as a sum of r indecomposable tensors. We note that if W3 = C, then 

R{w) is just the rank of the hnear map W* W2 corresponding to w. 

Strassen proved [35] that the minimum number of nonscalar multiplications sufficient to eval- 
uate the bilinear map x W2 W3 corresponding to w differs from R{w) by at most a factor 
of two. Determining the rank of specific tensors turns out to be very difficult. Of particular in- 
terest are the tensors (n, n, n) G (^£nxny ^ (^£nxny ^£nxn describing the multiphcation of two 
n by n matrices. The best known asymptotic upper bound [9] states R{{n,n,n)) = 0{n^'^^), 
while the best known lower bound [2] is R{{n, n,n)) > — 3n. 

The border rank R{w) of it; G is defined as the smallest r G N such that w can be 
obtained as the limit of a sequence Wk £ W with R{wk) < r for all k. Clearly, R{w) < R{w). 
Border rank is a natural mathematical notion closely related to the rank and it has played an 
important role in the discovery of fast algorithms for matrix multiplication, sec [5]. We note 
that the best known lower bound on the border rank of matrix multiplication [25] states that 
R{{n, n, n)) > I -t- i n - 1. 

2.2. Orbit closure problem. It is possible to rephrase the determination oi R{w) as an orbit 
closure problem. Consider the algebraic group 

(2.1) G := GUWi) X GL{W2) x GL(VF'3) 

acting linearly on the vector space W = Wi ^ W2 ^ W3 via {gi, 92, 93){'Wi (8> ^2 ® w^) := 
9i{wi) <^ 92(^2) <^ 53(^3)- We shall denote by Gw the orbit of w and by Gw its orbit closure. 
We say that u; is a degeneration of v, written w <v, iff Gw C Gv. 

Suppose now m <mi and choose bases e\,. . . , e^. in each of the spaces Wj. The tensor 

r 

(2.2) (m) :=^e)®e|®e|, 

is called an mth unit tensor in W. Another choice of bases leads to a tensor in the same G-orbit 
as (m), so that the orbit of mth unit tensors in is a basis independent notion. It is easy to 
see that R(w) < m iS w < (m), cf. [37]. 

3. The GCT program for tensors 

Wc summarize here in a concise way the stepping stones of the GCT program [28, 29], 
adapted to the tensor setting. For this the review of the GCT program in [6] has been very 
helpful. 

3.1. Semigroups of representations. For background on representation theory see [12, 14]. 
We denote by Vx.{GL{Wi)) the Schur-Weyl module labelled by its highest weight Aj G Z"*' 
(with monotonically decreasing entries). Those yield the rational irreducible G- modules 

Vx{G) := Vx,{GL{Wi)) ® Vx,{GL{W2)) ® Vxs{GL{Ws)), 

whose highest weights A are triples A = (Ai,A2,A3). We denote by V\{G)* = Vx*{G) the 
module dual to Vx{G). Moreover, shall denote the semigroup of highest weights of G. For 
a dimension format m wc consider the subsemigroup A'^(m) := UdeN^d (^) '^^ where 

Kim) ■■= {A = (Ai,A2,A3) I Xi h^. d, i = 1,2,3}. 
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Here we use the notation A, d for a partition Aj = (Aj, . . . , A^') of d into at most rrii parts. 

The action of G on induces a hnear action of G on the ring 0{W) of polynomial functions 
on W via {gf){w) := f{g~^w) iov g & G, f € 0{W), w € W. For any tensor w G W, this 
defines a linear action of G on the graded ring 0{Gw) = ®dmO{Gw)(i of regular functions 
on Gw. (By a regular function on Gw we understand a restriction of a polynomial function.) 
Since G is reductive, the G-module 0{Gw)(i splits into irreducible G-modules. 

We define now the main objects of our investigations. 

Definition 3.1. The semigroup of representations S(w) of a tensor w & W is defined as 

S{w) ■- {A I VxiGf occurs in 0(G^)]. 

It is known that S{w) is a finitely generated subsemigroup of A+(m), cf. [3]. It is easy to 
see that if V\{G)* occurs in degree d, i.e., as a submodule of 0{Gw)d, then A G A^(m). 

The general strategy of geometric complexity theory [28] is easily described. Schur's lemma 
implies that for w,v &W 

(3.1) G^cG^^ S{w) C S{v). 

In particular, exhibiting some A G S{w) \ S{v) proves that Gw is not contained in Gv. If 
V = (m), this establishes the lower bound R{w) > m. We call such A a representation theoretic 
obstruction. We note that a more refined approach would be to study the multiplicity of Vx{G)* 
in 0{Gw), which can only decrease under degenerations. 

3.2. Kronecker semigroup. Let [Aj] denote the irreducible representation of the symmetric 
group Sd on d letters labelled by the partition Aj h d. For A G A^(m) we define the Kronecker 
coefficient g{X) as the dimension of the space of S^-invariants of the tensor product [Ai] 
[A2] (8) [A3]. It is a well known fact that g{X) = mnlt{VxiG)* ,0{W) a), see [24] or (10.3). The 
Kronecker semigroup of format m is defined by K{m) := IJ^gp}{A G A.'^{rn) I 9{K) 7^ O}- 

Lemma 3.2. We have S{w) C K(m) with equality holding for Zariski almost all w G W . 

3.3. Inheritance. For applying the criterion "R{w) < r iS w < (r)" from §2.2, we need to 
understand how S{w) changes when we embed w € W in a larger space. Fortunately, when 
properly interpreted, nothing happens. Suppose that Wi is a subspace of W^, put := 
dim Wj', and let 

W' := Wi 0W2® G' := GL{Wi) x GL(VI/^) x GL{W^). 

Let w' denote the image oi w & W under the embedding W W'. A highest G- weight A 
with nonnegative entries can be interpreted as a highest G'-weight A by appending zeros to 
the partitions A^. We may thus interpret A+(m) as a subset of A+(m'). 

Proposition 3.3. With the above conventions we have S{w) = S{w'). 

This result can be shown similarly as in [29, 24, 6]. 
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3.4. Stabilizer and invariants. As a first approach towards understanding S{w) we may 
replace the orbit closure Gw by the orbit Gw and focus on the representations occuring in the 
ring 0(Gw) of regular functions on Gw. (A regular function on Gw is a function that is locally 
rational, cf. [15, p. 15].) This leads to definition of the auxiliary semigroup of representations: 

S"{w) := {A G I Va(G)* occurs in 0{Gw)}. 

S°{w) is finitely generated [3] and clearly contains S{w). 

The stabilizer of w is defined as H := stab(w) := {g G G \ gw = w}. Let V\{G)^ denote 
the space of if-invariants in Vx{G). The next characterization follows from the algebraic 
Peter- Weyl Theorem for G as in [6]. 

Proposition 3.4. We have S"{w) = { A G A+ | VxiG)" / O}. 

3.5. Stability. Consider the subgroup G^ := SL{Wi) x SL{W2) x SL(W3) of G. 
Definition 3.5. A tensor w &W is called stable, iff GgW is closed. 

Consider the residue class map 

nti ^ nti ^™V^e™., , where e„,^ :=(!,.... 1). When 
interpreting highest weights of G^-modules appropriately, this defines a surjective morphism 
TT : Aq Aq_^ of the semigroup of highest weights of G and Gg , respectively. 

We put Ss{w) := tt{S{w)) and Sg{w) := Tr{S°{w)). These semigroups describe the irre- 
ducible Gg-modules occurring in 0{Gw) and 0{Gw), respectively. However, when going over 
to Gs-modules, the information about the degree d in which the modules occur is lost. 

Proposition 3.6. If w is stable, then Ss{w) = Sg{w). 

Proof. Put £m '■= (^mi ) ) ^ma ) • The assertion is equivalent to the statement 
(3.2) VA e S°{w) 3k €Z X + ke^€ S{w). 

Suppose that A G S°(w). Then VxiG)* occurs in 0{Gw)d for some deZ. Let / G 0{Gw)d be 
a highest weight vector of Vx{G)*. The restriction / of / to GgW does not vanish since Gw is 
the cone generated by GgW. So / is a highest weight vector and ^(a)(Gs)* occurs in 0{Gsw). 

The Gs-equivariant restriction morphism 0{Gw) 0{Gsw) is surjective since GgW is as- 
sumed to be closed. It follows that 0{Gw) contains an irreducible module V^(;^)(Gs)*. This 
means that Vx+kemi^)* occurs in 0{Gw) for some A; G Z. □ 

Combining this with Proposition 3.4, we obtain a characterization of Ss{w) for stable ten- 
sors w, which only involves the stabilizer H of w. The problem is reduced to the question of 
which Vx{G) contain nonzero i?-invariants. 

4. Unit tensors 

4.1. Stabilizer and stability. Suppose Wj = C"*, Gm ■= GLm x GL^ x GL^, and recall 
the definition of the mth unit tensor (m) from (2.2). Let G GL^ denote the permutation 
matrix corresponding to vr G Sm- 

Proposition 4.1. The stabilizer Hm of (m) is the semidirect product of the normal divisor 

Dm ■■= {(diag(a),diag(6),diag(c)) | Vi ajftjCj = 1}, 
and the symmetric group Sm diagonally embedded in Gm via tt i-^ (Pttj -Ptd -Ptt)- 
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We remark that (m) is uniquely determined by its stabilizer up to a scalar. 

Proposition 4.2. The unit tensor {m) is stable. 

This follows from Kempf's refinement [19] of the Hilbert-Mumford criterion. 

4.2. Representations. Let Parm((i) denote the set of partitions of d into at most m parts. 
The dominance order ^ on Par^(d) is defined by A ^ iff Yl!j=i ^ Si=i ^"-"^ ^ ^- "^^^^ 
defines a lattice, in particular two partitions A, /x have a well defined meet X X n, cf. [34]. We 
call a G Par^(d) regular if its components are pairwise distinct. 

Lemma 4.3. (1) The set of regular partitions in PaVmid) has a unique smallest element _Lm((i). 
(2) For any A € Parm(d) we have J-rn+iid+ km) ^ {X^ + k, . . . , A™ + /c, 0) for sufficiently large k. 

Let Tm denote the maximal torus of GL^ of diagonal matrices. For a G with |a| := 
aj = d and A G Par^(d) one defines the weight space of V\ = Va(GL^) for the weight a as 

:= {v eVx\yt£Trnt-v = t"}. 

Here we used the shorthand notation t = diag(ti, . . . , t^) and = i"^ • • • f^. It is well known 
that Vx decomposes as Vx = 0^, V". Moreover, V" is nonzero iff a ^ A, cf. [12]. 

The symmetric group Sm acts on Z'" by permutation, namely (7ra)(i) := a{TT~^{i)) for 
TT G Sm- It is easy to check that PttV^;^ = V^". In particular, the stabilizer stab(Q!) of a leaves 
invariant. Note that stab(a) is trivial iff a is regular. 

Theorem 4.4. For X G Arf(m, m, m) we have dim(VA)^'" = Ea dim {V^_^ V^^ (g) yaJ^t'^bCa)^ 
where the sum is over all a G Parm(rf) such that q ^ Ai A A2 A A3. 

The next result shows that the highest weights outside the auxiliary semigroup of the unit 
tensors are very rare. 

Corollary 4.5. (1) If there is a regular a ^ Ai A A2 A A3, then X G S°{{m)). 
(2) // Ai, A2, A3 are all regular, then A G S°{{m)). 

Proof. (1) is an immediate consequence of Proposition 3.4 and Theorem 4.4. If Ai, A2, A3 are 
all regular, then ^-m{d) -< Aj for z = 1, 2, 3 by Lemma 4.3(1). Now apply (1). □ 

Theorem 4.6. For any A G Aj(m, m, m) there exists G N such that A' G S°{{m+1)), where 
Xi = {X\,...,XT) andX', = {Xl + k,...,XT + KQ). 

Proof. Lemma 4.3(2) implies ^-m+l{d + km) ^ A'i,A2,A3 for sufficiently large A;. Now apply 
Corollary 4.5(1). □ 

Theorem 4.6 has severe consequences. It tells us that for any tensor w of format {m,m,m), 
the trivial lower bound R^w) > m is the best that can be shown using Gs-obstructions! 

5. Matrix multiplication tensors 

We fix complex vector spaces Ui of dimension n,, put W12 ■= (8) U2, W23 '■= U2 (8> 
^3) ^^31 '■= ® Ui, and consider the group 

G := GL{U^ (g) U2) X GL(?72* C/3) x GL(?73* Ui). 
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acting on 1^ := W12 (8) W23 <8) W31. We define the matrix multiplication tensor Mu E W := 
W12 <8) W23 <8) Wsi as the tensor corresponding to the Unear form 

W* C, £1 (8) n2 (8) ^2 «3 ® 4 (8> ii{ui)£2{u2)£3{u3), 

obtained as the product of three contractions (4 G U* and Ui G Ui). To justify the naming 
we note that, using the canonical isomorphisms Hom([/2,C^i) ~ [/i (g) and 'Bi\{U,V;W) ~ 
U* ®V* ® W, one easily checks that M^/ corresponds to the bilinear map 

Mt; : Hom(C/2, Ui) x Hom(;73, U2) -> Hom([/3, ;7i), (99, V-) o 7/^ 

describing the composition of linear maps (note that we exchanged the order for the third 
factor: Hom(C/3,i7i) ~ (8) Ui). If Ui = C"», then this bilinear map corresponds to the 
multiplication of ni x n2 with n2 x 713 matrices. In this case we shall write (ni, 722,713) = M^. 

5.1. Stabilizer and stability. We put K := GL{Ui) x GL(?72) x GL{U3) and consider the 

following morphism of groups 

(5.1) ^: K ^G, (01, 02, as) ^ {{a*i)~^ (8) 02, (02)"^ 03, (03)"^ ® ai) 

with the kernel • id ~ C^. Note that GL(f/j) acts on (8 Ui in the following way: 

ai ■ {ii (8> Ui) = ((aj"^)* (8> ai)(4 (8> Ui) = (a~^)*(4) <8 ai(u) = (4 o a~^) (8> ai{ui). 

Hence this action leaves the trace U* ®Ui —^C,iii^Ui ii{ui) invariant. This implies that 
the image of ^ is contained in the stabilizer H of Mij_. In fact, equality holds. 

Proposition 5.1. The stabilizer H ofMij_ equals the image of ^. In particular, H ~ K/C^ . 

In the cubic case, this is a consequence of [10]. We remark that Mf/ is uniquely determined 
by its stabilizer up to a scalar. 

Proposition 5.2. The matrix multiplication tensor Mjj is stable. 

This can be shown by Kempf's refinement [19] of the Hilbert-Mumford criterion, cf. [27]. 

5.2. Representations. Suppose that A12 G Z"i"2 jg ^ highest weight vector for GL([/j* (g) U2) 
and A23 e Z"2»3^ _X3i G Z"3"i are highest weight vectors for GL(J72* U3) and GL(;73* Ui), 
respectively. Put A = (A12, A23, A31) and consider the irreducible G-module 

Vx := Vx,,{GL{U*, ® U2)) ® Vx,,{GL{U^ ^ U3)) Vx,,{GUU^ ^ Ui)). 
Theorem 5.3. Let Ai2,A23,A3i be partitions of d and H be the stabilizer o/Mjy. Then 

dim(VA)'^ = X] 5(^12, m,/i2) -5(^23, Ai2,Ai3) -5(^31, /i3,m)- 

6. A FEW EXAMPLES AND COMPUTATIONS 

6.1. A family of G-obstructions. We use the frequency notation kl^k2^ ' " kg" to denote the 
partition of kiCi where ki occurs times. 

Lemma 6.1. We have A„ := (2"'o, 2"'o, (271^ - 3)^1^0^'-^) e S{{n,n,n)) \ S''{{n'^ + 1)) for 
n> 2. This implies R{{n, n,n)) > n'^ + 1. 
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Proof. (Sketch) 1. We apply Theorem 4.4. Put AT := and A„ = (Ai,A2,A3). The only 
partitions a G Parjv+i(2A7^) smaller than Ai,A2,A3 are 2-^0 and 2^~^1^. A computation using 
the tableaux straightening algorithm from [11, p. 110] shows that (V^ (8> (8> y^)'^**''^"^ = 
for both a. Proposition 3.4 tells us that A„ ^ S°{{v? + 1)). 

2. Using [31, 33] one can show 5(A„) = 1. Hence the highest weight vector / G 0{W) of 
weight A„ is uniquely determined up to a scalar. We explicitly constructed / and (guided by 
computer calculations) proved that f{{n,n,n)) ^ 0. Hence A„ G S{{n,n,n)). For the lower 
bound on R apply (3.1). □ 

Remark 6.2. 1. Theorem 5.3 with /Xj = (2ra)", a positivity proof for the resulting Kronecker co- 
efficients, and Proposition 3.4 yield A„ € S°{{n, n, n)). In order to guarantee A„ G S{{n, n, n)) 
we currently know of no better way than to evaluate a highest weight vector at {n,n,n). In 
general, this becomes prohibitively costly for larger dimension formats. 

2. Lemma 6.1 yields i?((2,2,2)) > 5. It is known [23] that i?((2,2,2)) = 7. So far we have 
been unable to reach the optimal lower bound by an obstruction. 

6.2. Strassen's invariant. Let W = C^^C^^C^, m > 3, and consider A„ := (3™, 3™, m^). 
Strassen [36] constructed an explicit invariant fm G 0{W) of highest weight A*„, that vanishes 
on all tensors in W with border rank at most r = [3m/2] — 1. Hence fm{w) ^ implies 
R{w) > r. 

Let A^ G A+(r, r, r) be obtained from A^ by appending zeros. It is tempting to conjecture 
that A[„ ^ S{{r)), because then Strassen's implication would be a consequence of the existence 
of the obstruction A„. Indeed, frn{w) ^ implies A^ G S{w) and, assuming the conjecture, 
A^ G S{w) \ S{{r)) and thus R{w) > r. Unfortunately, the conjecture is already false for 
m = 4! An extensive computer calculation revealed the existence of /4 G 0{W) 12 of highest 
weight A^ and g E G such that f4{g{5)) 7^ 0, which shows A^ G S{{5)). Note g{X4) = 2. 

7. Extension problem and nonnormality 

In order to advance, we need to study the difference between S{w) and S°{w). Let W be of 
format m and w G W he stable. If A G S°{w), then Proposition 3.6 implies that there exists 
A: G Z such that A + ksm G S{w), where Em = (cmn ) ^ma)- It is of interest to know the 
smallest such k. Below we will see that k can be given a geometric interpretation in terms of 
the problem of extending regular functions from Gw to Gw. 

We call the group morphism det: G — t- C^, (§1,92,93) '—^ det(/i det5(2 det(73 the determinant 
on G. In the following we will assume that Sm G S°{w). By Proposition 3.4 this is equivalent 
to det^ = 1 for all g G stab(it;). We note that this condition is satisfied for w = {n,n,n) due 
to Proposition 5.1. 

If £m € S°{w), then det induces the well defined regular function detw : Gw C, gw i-^ detg. 

Theorem 7.1. Suppose that w G W is a stable tensor and Em G S°{w). 

(1) Then w has the cubic format {m,m,m). 

(2) The extension of det^ to Gw with value on the boundary Gw \ Gw is continuous in 
the C-topology. 

(3) det^u is not a regular function on Gw if m > 1. 

(4) Gw is not a normal variety if m > 1 . 
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(5) For all highest weight vectors f G 0{Gw) we have (det^u)'^/ G 0{Gw) for some A; G Z. 

We can also show a variant of this result with det replaced by det^. This is of interest since 
(det^)^ = 1 for all g G stab((m)), cf. Proposition 4.1. 

Corollary 7.2. (1) The orbit closure of the matrix multiplication tensor {n,n,n) is not normal 

if n> 1. (2) The orbit closure of the unit tensor {m) is not normal if m > 5. 

The nonnormality of these orbit closures indicates that the extension problem is delicate. 
Kumar [22] recently obtained similar conclusions for the orbit closures of the determinant and 
permanent by different methods. 

We also make the following general observation. 

Proposition 7.3. Suppose that w G W is stable. Then stab(iy) is reductive, Gw is affine. 
Further, Gw \ Gw is either empty or of pure codimension one in Gw. 

8. Moment polytopes 

Since the semigroups S{w) seem hard to determine, one may take a coarser viewpoint, 
as already suggested by Strasscn [38, Eq. (57)]. We set A^^ := x A^j x A^^, where 

A™ := {X G M'" I XI > . . . > Xrn > 0, J2i Xi = 1}. 

Definition 8.1. The moment polytope P{w) of a tensor w G W is defined as the closure of 
the set A I d > 0, A G S{w) D A+{m)}. 

Note that P{w) C A^, is a polytope since S{w) is a finitely generated semigroup. We have 

G^CGv^ S{w) C S{v) =^ P{w) C P{v) 

Hence exhibiting some point in P{w) \ P{{m)) would establish the lower bound R{w) > m. 

The moment polytope of a generic tensor w of format m equals the Kronecker polytope P{m), 
which is defined as the closure of {^A | A G A G A^(m)}, compare Lemma 3.2. This 

complicated polytope has been the object of several recent investigations [1, 20, 32, 4] and 
P(m) is by now understood to a certain extent. We remark that the Kronecker polytope P{rn) 
is closely related to the quantum marginal problem of quantum information theory, cf. [7, 20]. 

Let Um '■= {^/fn, ■ ■ ■ , ^/m) G A^ denote the uniform distribution and put Um '■= {um, Um, Um)- 
The following follows, e.g., from [38, Satz 11]. 

Lemma 8.2. We have Um G P{w) both for w = (m) and w = {n,n,n), m = . 

Resolving the following question seems of great relevance. 

Problem 8.3. Determine the moment polytopes of unit tensors and matrix multiplication 
tensors. 

Replacing S{w) by S°{w) in the definition of P{w) we obtain the larger polytope P°{w). 

Theorem 8.4. We have P°{{m))) = A{m,m,m) and P°{{n,n,n))) = A(n^,n^,n^). 

The statement for the unit tensors is an easy consequence of Corollary 4.5(2). The second 
statement relies on Theorem 5.3 and [4]. 

Lemma 8.5. Let w be stable and suppose that u„i G P{w). Then there exists (5 > such that 
for all X G P°{w) and all <t < 6 we have tx + {1 — t)um £ P{w). 
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By combining Theorem 8.4 with Lemma 8.2, Lemma 8.5, and the stabihty of the unit and 
matrix multiphcation tensors, we obtain the fohowing result. 

Corollary 8.6. For both w = (m) and w = {n,n,n), m = v? , Um is an interior point of P{w) 
relative to the affine hull of Am- In particular, dim P('u;) = dimA^. 



9. Outline of some proofs 
9.1. Proof of Theorem 4.4. Let A G Ad{m,m,m). The weight decomposition 



yields (Fa)^'" = 0a,/3,7 i^Xi ® ^x^ ^ ^A^s)^"' ^f- Proposition 4.1. We claim that 

Ai ^ A2 ^ As; ^ Q Otherwise. 

Indeed, let v G {V^^ (g) vf^ ® V^J^"" be nonzero. For t = (diag(a), diag(6), diag(c) G D^n we 
obtain v = tv = a'^b^c^v = a'^~'^b^~^v, using aj6jQ = 1. Since the ai,bi G are arbitrary, 
we infer a = /3 = 7. The argument can be reversed. 
We put now 

A := (a G Z™ I \a\ = d, a ^ Xi X X2 X A3}, := V^^ ^ V^^ ® V^^^ 

and note that 7^ for all a G ^. We have just seen that (Fa)^™ = e^gAM". 

The set A is invariant under the S'm-action and its orbits intersect Parm(d) in exactly one 
partition. We note that vrM" = ikf^" for n G Sm- Let B denote the set of orbits and put 
Mb ■■= ^aesM'^ for B ^B. Then (^a)'^'" = ®b&bMb. Proposition 4.1 tells us Hm = DmSm 
ctnd liGncG 

(Vxf- = ((Fa)^-)^'" = 0(Mb)^- 

using that the Mb are S'm-invariant. In order to complete the proof it suffices to show that 

dim(MB)'^'" = dim(M")"*^^(°) for B = S^a, a€An Par„(d). 

For proving this, we fix a G An Parm((i) and write H := stab(Q;). Let tti, . . . , ttj be a system 
of representatives for the left cosets of H in Sm with tti = id. So Sm = t^iH U ■ ■ ■ U ivtH- Then 
the S'^-orbit of a equals Sm(x = {ttio, . . . , Wfa}. Consider 

t 

Mb = 07r,M" 
j=i 

and the corresponding projection p: Mb M°. Suppose that v = Ylj'^j ^ {^b)^'^ with 
Vj G TTjM". Since the spaces vriM", . . . ,7r(M" are permuted by the action of 5m,, we derive 
from V = TT^v = TTfcWj that Vj = HjVi. Moreover, since a G H fixes and permutes the 

spaces 7r2M", . . . ,7rtM", we obtain avi = vi. Therefore, (Mb)^"" — )• (M°')^ ,v >-)■ p{v) = vi is 
well defined and injective. We claim that this map is also surjective. 

For showing this, let vi G (M")^, set vj := ttjVi, and put := '^jVj. Clearly, p{v) = vi. 
Fix a € H and i. For any j there is a unique k = k{j) such that aTTiTTjH = nkH. Moreover, 
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j k{j) is a permutation of {1, . . . ,t}. Using the iJ-invariance of vi we obtain that awiVj = 
aTTiTTjVi = TTkVi = Vfe. Therefore aiTiV = J2j^ vj- = v. Thus v G {Mb)^""- □ 

9.2. Proof of Theorem 5.3. The group morphisms 

ri2 : GL{U^) X GL(C72) ^ GL{U^ ® U2), (a*, b)^a*^b 
T23 ■ GL{U^) X GL(C/3) ^ GL(C/2* «> t^a), {b*,c) ^ 6* ® c 
Tai : GL([/3*) x GL(C/i) ^ GL(C/3* ® Ui), (c*, a) ^ c* a 

combine to a morphism T: G, where 11 denotes the group 

n := GL([/i*) X GL(C/2) x GL(C/*) x GL([/3) x GL(C/3*) x GL(C/i). 

Moreover, we have the group morphisms 

A^: GL{Ui) ^ GL(i7*) x GL{Ui),ai ^ ((a*)-Sa,) 

combining to a morphism (note the permutation) 

A: X -)■ n, (01,02,03) ((ai)~^),02,(a2)"\a3,(a3)~\ai). 

We have thus factored the morphism $ : if — )■ G as $ = F o A, cf. (5.1). Proposition 5.1 states 
that H = im$. In order to determine dim(l^)^, we first describe the splitting of Vx into 
irreducible H-modules with respect to T and then, in a second step, extract their iiT-invariants. 
For the first step, note that, upon restriction with respect to F12, we have the decomposition 

Vx,,{GLiU;(^U2)) = 5(Ai2,Mi,/i2)V;.i(GL(t/n) ®V^A2(GL(t/2)), 

where the sum is over all partitions fii d, ji2 d. For this characterization of the 
Kronecker coefficients g see [34, (7.221), p. 537]. Similarly, 

yA.3(GL(C/2* ® Us)) = 5(A23,/X2,/i3)V;.2(GL(C/2*)) y^3(GL(C/3)), 

yA3i(GL(C/| ® Ui)) = 5(A3i,M3,/ii)V;.3(GL(C/3*)) ® T//ii(GL(C/i)), 

where the sums are over all /i2 '~n2 ^) As '"na and //3 l-„3 d, jli h^j d, respectively. This 
describes the splitting of V\ into irreducible H-modules with respect to F. 

For the second step we note that y^.(GL(C/*)) — V^*{GL{Ui)), when we view the left hand 
side as a GL([/j)-module via the isomorphism GL([/j) — > GL(C/*),aj 1-^ {a*)~^. 

As a consequence of the Littlewood-Richardson rule [34, 11] we obtain (compare [11, Eq. (11), 
p.149]) 

(9.1) dim {V,^{Gm)) ® F,.(GL(f/.)))^^(^^) = { J 

We conclude that 

dim{Vx)" = 5(Ai2, Ail, /^2) 5(^23, M2,/i3) 5(^31, M3> Ml) 

/*1>/"2,M3 

as claimed. □ 



GEOMETRIC COMPLEXITY THEORY AND TENSOR RANK 



11 



References 

1. Arkady Berenstein and Reyer Sjamaar, Coadjoint orbits, moment polytopes, and the Hilbert-Mumford cri- 
terion, J. Amer. Math. Soc. 13 (2000), no. 2, 433-466 (electronic). 

2. Markus Blaser, A ^ri^ -lower bound for the rank of n x n-matrix multiplication over arbitrary fields, 40th 
Annual Symposium on Foundations of Computer Science (New York, 1999), IEEE Computer Soc, Los 
Alamitos, CA, 1999, pp. 45-50. 

3. Michel Brion, Sur I'image de I'application moment, Seminaire d'algebre Paul Dubreil et Marie-Paule Malli- 
avin (Paris, 1986), Lecture Notes in Math., vol. 1296, Springer, Berlin, 1987, pp. 177-192. 

4. Peter Biirgisser, Matthias Christandl, and Christian Ikenmeyer, Nonvanishing of Kronecker coefficients for 
rectangular shapes, arXiv 0910.4512v2 (2009). 

5. Peter Biirgisser, Michael Clausen, and M. Amin Shokrollahi, Algebraic complexity theory, Grundlehren der 
Mathematischen Wissenschaften, vol. 315, Springer- Verlag, Berlin, 1997. 

6. Peter Biirgisser, J.M. Landsbcrg, Laurent Manivcl, and Jerzy Weyman, An overview of mathematial issues 
arising in the geometric complexity theory approach to VP^VNP, arXiv:0907.2850vl (2009). 

7. Matthias Christandl and Graeme Mitcliison, The spectra of density operators and the Kronecker coefficients 
of the symmetric group, Comm. Math. Phys. 261 (2006), no. 3, 789-797. 

8. Michael Clausen and Helga Meier, Extreme irreduzible Konstituenten in Tensordarstellungen symmetrischer 
Gruppen, Bayreuth. Math. Schr. (1993), no. 45, 1-17. 

9. Don Coppersmith and Shmuel Winograd, Matrix multiplication via arithmetic progressions, J. Symbolic 
Comput. 9 (1990), no. 3, 251-280. 

10. Hans F. de Groote, On varieties of optimal algorithms for the computation of bilinear mappings. I. The 
isotropy group of a bilinear mapping, Theoret. Comput. Sci. 7 (1978), no. 1, 1-24. 

11. William Fulton, Young tableaux, London Mathematical Society Student Texts, vol. 35, Cambridge University 
Press, Cambridge, 1997. 

12. William Fulton and Joe Harris, Representation theory. Graduate Texts in Mathematics, vol. 129, Springer- 
Verlag, New York, 1991. 

13. D.A. Gay, Characters of the Weyl group of SU{n) on zero weight spaces and centralizers of permutation 
representations, Rocky Mountain ,]. Math. 6 (1976), no. 3, 449-455. 

14. Roe Goodman and Nolan R. Wallach, Symmetry, representations, and invariants. Graduate Texts in Math- 
ematics, vol. 255, Springer, Dordrecht, 2009. 

15. Robin Hartshorne, Algebraic geometry, Graduate Texts in Mathematics, no. 52, Springer, 1977. 

16. Israel N. Herstein, NoncornrmdaMve rings, The Carus Math. Monographs, vol. 15, Math. Assoc. of America, 
1994. 

17. James E. Humphreys, Linear algebraic groups. Springer- Verlag, New York, 1975, Graduate Texts in Math- 
ematics, No. 21. 

18. , Linear algebraic groups, Springer- Verlag, New York, 1975, Graduate Texts in Mathematics, No. 21. 

19. George R. Kempf, Instability in invariant theory, Ann. of Math. (2) 108 (1978), no. 2, 299-316. 

20. Alexander Klyachko, Quantum marginal problem and representations of the symmetric group, arXivrquant- 
ph/0409113, 2003. 

21. Hanspeter Kraft, Geometrische Methoden in der Invariantentheorie, Aspects of Mathematics, Dl, Ftiedr. 
Vieweg & Sohn, Braunschweig, 1984. 

22. Shrawan Kumar, Geometry of orbits of permanents and determinants. Preprint, 2010. 

23. Joseph M. Landsberg, The border rank of the multiplication of 2x2 matrices is seven, J. Amer. Math. Soc. 
19 (2006), no. 2, 447-459. 

24. Joseph M. Landsberg and L. Manivel, On the ideals of secant varieties of Segre varieties. Found. Comput. 
Math. 4 (2004), no. 4, 397-422. 

25. Thomas Lickteig, A note on border rank. Inform. Process. Lett. 18 (1984), no. 3, 173-178. 

26. Yozo Matsushima, Espaces homogenes de Stein des groupes de Lie complexes. 11, Nagoya Math. J. 18 (1961), 
153-164. 

27. Andreas Meyer, Geometric complexity theory and matrix multiplication, Ph.D. thesis, ETH Ziirich, 2006, 
No. 16845. 



12 



PETER BURGISSER AND CHRISTIAN IKENMEYER 



28. Ketan D. Mulmuley and Milind Sohoni, Geometric complexity theory. I. An approach to the P vs. NP and 

related problems, SIAM J. Comput. 31 (2001), no. 2, 496-526 (electronic). 

29. , Geometric complexity theory. II. Towards explicit obstructions for embeddings among class varieties, 

SIAM J. Comput. 38 (2008), no. 3, 1175-1206. 

30. David Mumford, The red book of varieties and schemes. Lecture Notes in Math., no. 1358, 1988. 

31. Jeffrey B. Remmel and Tamsen Whitehead, On the Kronecker product of Schur functions of two row shapes, 
Bull. Bclg. Math. Soc. Simon Stevin 1 (1994), no. 5, 649-683. 

32. Nicolas Rcssayrc, Geometric invariant theory and generalized eigenvalue problem II, arXiv:0903.1187, 2009. 

33. Mercedes H. Rosas, The Kronecker product of Schur functions indexed by two-row shapes or hook shapes, J. 
Algebraic Combin. 14 (2001), no. 2, 153-173. 

34. Richard P. Stanley, Enumerative combinatorics. Vol. 2, Cambridge Studies in Advanced Mathematics, 
vol. 62, Cambridge University Press, Cambridge, 1999. 

35. Volker Strassen, Vermeidung von Divisionen, J. Reine Angew. Math. 264 (1973), 184-202. 

36. , Rank and optimal computation of generic tensors. Linear Algebra Appl. 52/53 (1983), 645-685. 

37. , Relative bilinear complexity and matrix multiplication, J. Reine Angew. Math. 375/376 (1987), 

406-443. 

38. , Komplexitat und Geometric bilinearer Abbildungen, Jahresber. Deutsch. Math.-Verein. 107 (2005), 

no. 1, 3-31. 



GEOMETRIC COMPLEXITY THEORY AND TENSOR RANK 



13 



Appendix: Section 3 

10.1. Highest weight vectors. For the following general facts see [14, 17, 21]. In general, 
let G be a reductive group and fix a Borel subgroup with corresponding maximal unipotent 
subgroup U and maximal torus T. Let M be a rational G-module. By a highest weight vector 
in M of weig ht A G A(t we understand a ^/-invariant weight vector in M of weight A. These 
vectors (including the zero vector) form a linear subspace of M that we shall denote by 'Hx{M). 
It is known that M is irreducible iff %\{M) is one-dimensional. If M — >■ AT is a surjective 
G-module morphism, then ip{H\{M)) = 7ix{N). 

10.2. Schur-Weyl duality. For the following known facts see [12]. Recall that [A] denotes 
the irreducible module of the symmetric group Sd associated with a partition A h d. Let V 
denote a vector space of dimension m. The group Sd acts on V^'^ by permutation. We define 
the Ath Schur- Weyl module by 

Sx{V) :=Hom5,([A],y®'^). 

Note that SxiV) becomes a GL(y)-module in a natural way. It is well known that Sx(y) = 
if A has more than m parts. Otherwise, SxiV) is an irreducible GL(F)-module, and all the 
irreducible GL(l/)-modules of degree d are isomorphic to Sx{y) for some A d. 

A linear map Lp: V ^ W induces the linear map Sx{<f)- SxV — > SxW,a i-> cp^'^a and the 
functorial property Sx{tp(p) = Sx{ip)Sx{(p) clearly holds. 

We have natural injective maps [A] (8)iS'a(F) V'^'^,x'Si(x a{x), which yield the following 
canonical injective morphism of x GL(F)-modules: 

(10.1) [A] ® Sx{V) ^ V^'^. 

Schur-Weyl duality states that this map is surjective. In particular, (10.1) yields the isotypic 
decomposition of F®*^ with respect to the action of Sd x GL{V). 

Depending on the context, we also use the notation Vx{GL{V)) := Sx{V) for emphasizing 
the dependence on the group. 

10.3. Decomposition of 0{W). Let Wi be a vector space of dimension rrii for i = 1,2,3, 
put W := Wi^W2<^ Ws, and G = GL{Wi) x GL(W2) x GL(W3). Applying Schur-Weyl 
duality (10.1) to W* and taking the tensor product yields the isotypic decomposition with 
respect the action of of the group Sd x Sd x Sd x G: 

{W*)®'^ ~ {Wt ® (g) Wi)®"^ ~ {W^f^ {W^)®"^ «) {wif^ 

- [Ai] ® [A2] ® [A3] ® -Sa(VF*), 

AeA+(m) 

where we have put Sx{W*) := Sx^^i) Sx,,(W^) Sx:,(W^), which is the same as VxiG)* 
since SxiiW*) ~ {Sxi{Wi))*. We interpret Sd as a subgroup of Sd x Sd x Sd with respect to 
the diagonal embedding tt i-^ (7r,7r,7r) and note that 



0{W)d = Sym'^W* = {{W*}®'^) 
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We therefore arrive at the fohowing canonical isomorphism of G-modules: 

(10.2) 0{W)d = Sym''W* ^ ([Ai] C5 [As] [Ag])^'* 5a(VF*). 

AeA+(m) 

In particular, we obtain 

(10.3) g{\) = dim ([Ai] ® [As] ® [X^])^" = Txm\i{Vx{Gr ,0{W)d) 
by the definition of Kronecker coefficients. 

10.4. Proof of Lemma 3.2. The restriction res^^^ : 0{W)d 0{Gw)d is a surjective mor- 
phism of G-modules, for each degree d G N. Hence S{w) C K{rn) follows from (10.3). 

Let A;^,...,Ag be a list of generators of the semigroup K{m)- By (10.3), there exists a 
highest weight vector Fi € 0(W)di of weight A*, for each i. Assume Fi(w) ■ ■ ■ Fs{w) ^ 0. 
Then reS(i.^^(Fj) is a highest weight vector of weight A* in 0(Gw)(ii, hence Aj € S^w). Since 
the generators A^, . . . , A^ of K{m) are all contained in S{w), we get K{m) C S{w). So we 
have shown that the nonempty open set {w G W \ Fi{w) ■ ■ ■ Fs{w) ^ 0} is contained in 
{w^W\ K{m) C S{w)}. 

10.5. Inheritance. For this section compare [24, 6]. We first recall our standard nota- 
tions: Let W := Wi ® W2 ® W3 and W := W{ ^ W2 ^ Wi^ be of format m and m', re- 
spectively. Let Li'. Wi ^ Wl be inclusions of vector spaces and choose linear projections 
Pii W/ Wi such that pm = idw^- For A G Aj(m') the dual maps i* '. W'j* — ^ W^* in- 
duce maps S\^{i*): S\^{W'*) — > S\^{W*). These maps are surjective since by the functori- 
ality we have S\^{i*) S\^{p*) = id. We further set i := ii ® is ® ^3) P '■= Pi ® P2 ® P3, and 
S^{i*) ■= 5ai(4) (8) Sx^ii^) ® Sxsiil). Note that Sxit*) : Sx{W'*) Sx{W*) is surjective. 

Let resd- 0{W')d 0(W)d denote the restriction of regular functions. Equation (10.2) 
yields the following commutative diagram (writing equalities for canonical isomorphisms) 

= eAeA+(rn') ^X^^S^iW'*) 

(10.4) resd l id(g)5A(t*) i 

OiW)d = ®x^A+inr) ^X'S^SxiW*), 

with the vector spaces := ([Ai] (8> [As] (8) [Aa])'^'^. Note that the vertical arrows are surjective. 

Recah that G := GL{Wi) x GL(W2) x GL(W3) and G' := GL{W{) x GL(W^) x GL{W^) 
and let I{Z) denote the vanishing ideal of an afHne variety Z. We notationally identify w eW 
with it image w' under the inclusion i: W ^ W. 

Lemma 10.1. 1. For w eW we have p{G'w) = Gw. 

2. We have i:es{I{G^)) = l(Gw) for the restriction res: 0{W') 0{W). 

Proof. 1. Put Fi := kei pi so that W/ = Wj © Fj and pi is the projection onto Wi along Fi. Let 
g' = (51,53,33) G G' and consider gi := Pig'iii. Note that gi'. Wi — t- Wi is a linear map that 
may be noninvertiblc. It is easy to check that p{g'w) = {gi ® g-2® gz)w. This implies the first 
assertion p{G'w) = Gw. 

2. For / G l(Gw) define F := f p e 0{W'). Then res(F) = / and part (1) implies that F 
vanishes on G'w. This shows ies{I{G'w)) D I{Gw). The other inclusion is obvious. □ 
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We analyze now the G'-submodule I{G'w)d C 0{W')ci- The isotypic decomposition (10.2) 
implies that for each A G Aj(m') there exists a linear subspace J\{w) C such that 

AeA+(m') 

By Lemma 10.1(2) and the commutative diagram (10.4) we have 

AeA+(m) 

Since 0(Gw)d = 0{W)d/l(Gw)d, this implies, for A G A^(m), 

(10.5) mult(5A(t^*),0(G^)) = dim Sa - dim Ja(u;) = um\l{Sx{W'*),0(G^)). 

The case A G Aj(m') \ A^(?2i) is covered by the following lemma. 

Lemma 10.2. We have Jxiw) = Sa and hence um\t{Sx{W'*),0(G^)) = if \ e A+(m') \ 
A+(m). 

Proof. Let M C 0{W')d be a submodule such that M ~ Sx{W'*). We need to show that 
M C /(G^i^) if A G A+(m') \ A+(m). 

It is convenient to prove the contraposition. So suppose that M is not contained in I{G'w). 
Then there exists F £ M such that F{w) ^ 0. (Indeed, by assumption there exist F & M and 
g eG' such that ^ F{g-'^w) = {gF){w). Just replace F hy gF e M.) 

We may assume that F is a weight vector and let —a = — (ai, 02, as) denote its weight. 
Write a-i = (a^i, . . . , a,j„j'). Let t = (ti,t2,i3) G G' with = diag(iii) • • • j ^imO such that 
ijj = 1 for 1 < j < nii. Then tw = w and we have 

F{w) = F{tw) = {t-'F){w) = Uli U7L,+i 

Since tij G is arbitrary for j > nii, it follows that cty = for j > rrii. 

Since a is a weight of M* ~ S\{W') and A is the highest weight of M, we have a ^ A. Prom 
aij = for j > nii it follows that Aj has at most rrii parts. This means A G Aj'(?7;,). □ 

Equation (10.5) and Lemma 10.2 imply Proposition 3.3. 

10.6. Decomposition of ring of regular functions on orbits. Consider the action of GxG 
on G defined by (51, 52) • g '■= gig g2^ ■ This induces the following action of G x G on 0{G): 

{{91,92) ■ f){g) ■■= f{g~^gg2) where 51,52,5 e G,f e 0{G). 

The usual "left action" of G on 0{G) is obtained by the embedding G G x G, 51 i-> (1, id). 
But note that we also have a "right action" of G given by G ^ G x G, 52 (l,52)■ 
We now state the fundamental algebraic Peter Wcyl Theorem for the group G, cf. [21, p. 
93] or [14]. (This result actually holds for any reductive group G.) 

Theorem 10.3. The isotypic decomposition of 0{G) as a G x G-module is given as 

0{G)= Vx{G)*®V^{G). 
AeA+ 
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Here the G x G-module structure on V\(G)* V\{G) is to he interpreted as (51,^2) <^ v) := 
gii <8) g2V for £ G Vx{G)* and v G VxiG). 

10.7. Proof of Proposition 3.4. The stabilizer of if is a closed subgroup of G. It is possible 
to give G/H = {gH \ g & G} the structure of an algebraic variety such that G ^ G/H is a 
morphism of varieties satisfying the universal property of quotients (cf. [17, Chap. 12]. This 
implies that G/H is isomorphic to Gw as a variety and this morphism is G-equi variant. 

The morphism of coordinate rings 0{G/H) 0{G) induced hy G ^ G/H is injective, and 
maps to the subring 

0{Gf = {fe OiG) \ygeG,heH f{gh) = /(g)} 

of if-invariant functions with respect to the right action of H on 0{G). We note that 0{G)^ 
is a G-submodule of 0{G) with respect to the left action of G. Moreover, 0{G/H) 0{G)" 
is G-cquivariant. The universal property of quotients implies the surjectivity of 0{G/H) 
0{G)^ . So wc have shown that 0{Gw) is isomorphic to the G-module 0{G)^ . 
Theorem 10.3 implies that 

0{Gf= VxiGT^VxiGf. 

xeA+ 

Hence mult(VA(G)*, 0(G)^) = dim Vx{G)" , which completes the proof. □ 

Appendix: Section 4 

10.8. Stabilizers of associative algebras. Let Bil(f/, V; W) denote the space of bilinear 
maps U X V ^ W, where U, V, W are finite dimensional vector spaces. The group G = 
GL{U) X GL(F) X GL{W) acts on Bil(C/, V; W) via (a, /3, 7) • ^9 := 7 ip{a-^ x /J-^). By definition, 
GlIu) acts on the dual module U* via a ■ i := for a G GL{U), i G U*. It is 
straightforward to check that the canonical isomorphism U* V* W — > Bil({7, V; W) is 
G-equivariant. Hence we obtain the following result. 

Lemma 10.4. Let (p G Bil([/, V; W) and w e U* 0V* iSiW be the corresponding tensor. Then 
stabH = {i{a-'r,{r'T,l)\yu,v ip{aiu),Piv))=j{ip{u,v))}. 

Now let A he a finite dimensional associative C-algebra with 1. Its multiplication map 
A X A ^ A corresponds to a tensor wa G A* (g) A* (g) A. Wc denote hy A^ the unit group of A 
and by Auty4 its group of algebra automorphisms. For a G A wc denote by : A A,x ax 
the left multiplication with a. Similarly, Ra denotes the right multiplication with a. 

The following observation goes back to [10]. 

Lemma 10.5. We have 

stah{wA) = {{L*-i{^-^T,R;-i{^-''T,L,Rr,i;) I £,r?G^^Ve Aut^}. 

Proof. Let a,/?,7 G GL(^). Suppose that ((q;~^)*, (/?~^)*,7) G stab(u;A)- By Lemma 10.4 we 
have a{a)P{b) = j{ab) for all a,b e A. Plugging in 1 we get a(a)/3(l) = 7(a) and a{l)P{b) = 
7(6). Hence e := a{l) and r/ := /3(1) must be units of A. We define now ip{a) := £~^j{a)r)~^ . 
Then we have = 1 and 

V'(a)V'(fe) = e-^^{a)r]-^ s-^j{b)r]-^ = e-^a{a)P{b)r)-^ = e-^-/{ab)r]-^ = i}{ab). 
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Therefore G AutA. By construction, a = L^tp, j3 = Rqi/^, and 7 = L^Rfjip, and hence 
(a-i)* = = R*-i{ip~'^)*. The argument is reversible. □ 

10.9. Proof of Proposition 4.1. Let Sm denote the diagonal embedding of the symmetric 
group in G^. Obviously, H Sjn = {id}. It is easy to see that normalizes Dj^. Hence 
DmSrn IS a subgroup of Gm and Dm is a normal divisor of DmSm- It remains to prove that 
the stabilizer Hm equals D^Sm- The inequality D^Sjn Q H^, is obvious. 

Note that (m) is the structural tensor of the algebra A = C"*. It is straightforward to check 
that Aut^ = {Ptt I 71" S Sm} ■ Note that (P^^)* = Ptv ■ Hence Lemma 10.5 implies 

Hm = stab((m)) = {(diag(£-i)P^,diag(r7-^)P^,diag(£r/)P^) | £,77 G (C^r,7r G Sm} 

and we obtain Hm = DmSm- D 

Lemma 10.6. // the stabilizer of w & C™ C"* ® C™ contains Hm, then w = c (m) /or some 
cGC. 

Proof. Assume the stabilizer of it; = Yli'^ijk&i ® ® contains Hm- By contradiction, we 
suppose that lUyfe 7^ for some A; with i^k. For any (diag(a), diag(6), diag(c)) G we 
have aibjCkWijk = Wijk and hence aibjC^ = 1 = a^bkCk, which implies Cj = a^bk/bj. However, 
defining Oj = 2aj, Cj = |ci, ae = ae, q = C£ for i i we get (diag(a), diag(6), diag(c)) G -Dm- 
This yields the contradiction Oj = dkbk/bj = athk/bj = Oj. We have thus shown that Wijk / 
implies i = k. By symmetry, we conclude that Wij^ = unless i = j = k. Finally, from the 
invariance of w under S{m), we get wm = wm for all i. Hence w = wiii{m). □ 

10.10. Stability. We need some criterion for testing stability. By a one-parameter subgroup 
of Gs we understand a morphism cr: ^ of algebraic groups. The centralizer Zg^{Rs) 
of a subgroup Rs of Gs is defined as the set g G Gg such that gh = kg for all h E Rg- For 
instance, let denote the maximal torus of Gs- Then we have Zc^iTg) = Tg- 

The following important stability criterion is a consequence Kempf 's [19] refinement of the 
Hilbert-Mumford criterion. 

Theorem 10.7. Let w & W be a tensor and Rg be a reductive subgroup of Gg contained in the 

stabilizer of w. We assume that for all one-parameter subgroups a of Gg, with image in the 
centralizer Zg^{Rs), the limit lim.t^oa{t)w lies in the Gg-orbit of w, provided the limit exists. 
Then w is stable. 

Proof. Suppose that w is not stable. Then there is a nonempty closed G^-invariant subset Y 
of Gsw\GgW. Kempf 's result [19] states that there exists a one-parameter subgroup a: ^ 
Zgs{Rs) such that \imt^oa{t)w G Y. Hence this limit does not lie in GgW. □ 

10.11. Proof of Proposition 4.2. We apply Theorem 10.7 with Rg := Dm n Gg. The group 
Rg is a torus and hence reductive [21]. It is easy to see that ZgXRs) equals the maximal 

torus Tg of Gg. 

Any one-parameter subgroup a: — > Tg is of the form a{t) = (o"i(t), (T2(i), a"3(i)) with 



= diagCi^^O, f^2(t) = diag(t^O> f^aCO = diag(rO 
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with integers /Xj, fj, Tr^. Since detcrfc(t) = 1 we must have 

^l^i = 0, ^ = 0, ^ TTi = 0. 

ill 

We have a{t){m) = J2-t^^~^'^^~^'"*ei (8) (8) e^. If the hmit of a{t){m) exists for t — ^ 0, then 
IJ'i + i'i + T^i > for all i. On the other hand, X]j(/Xi + ^'i + 7ri) = 0. It follows that fii + Ui + TTi = 
for all i, hence a{t){m) = {m). □ 

10.12. Proof of Lemma 4.3. Recall that a partition A = (Ai, A2; . . .) is a weakly decreasing 
sequence of natural numbers such that only finitely many components are nonzero. We define 
the length of A 7^ as len(A) := max{z | Aj 7^ 0} and we put len(O) := 0. The componentwise 
sum of partitions is well defined. Note that X ^ n implies X + ly ^ fi + u for any partitions 
A,/x, v. We call s{n) := (n, n — 1, . . . , 1) the symmetric staircase partition with n rows and n 
columns. Note that if A is a regular partition with at least j nonzero rows, then A — s{j) is 
again a partition, since A has at least j — i + 1 boxes in row i. 

(1) Let d = qm + r with < r < m. Then □m(c^) := ((Z™") + (1*^) (frequency notation) is the 
unique smallest element of Par ra{d). The corresponding diagram has q columns of length m 
plus one additional column of length r. 

For given d,m £ N we set i := i{m, d) := max{n < m \ n{n + l)/2 < d} and we define the 
staircase partition -Lm{d) := s{i) + \I\^(d— \s{£)\), see Figure 1. We observe that len(_L^((i)) = £ 
and moreover -Lm{d) = -i-£{d). 

nujQj rjjn ^jjj^ ^jjj^ | | | | i 1 1 | | | | 1 1 | | | | 1 1 | | | | i i 



Figure 1. The staircase partitions -Lsid) for d = 1, . . . , 13. 



Part (1) of Lemma 4.3 claims that -Lm{d) ^ /3 for any regular partition /3 G Parm{d). 

For showing this, put i := len(/S) and note that /? — s{i) is a partition by the previous 
observation. If wo had £ + 1 < i, then /? — s{i + 1) would be a partition as well and hence 
d = \P\ > ''^^^^^^''^'^'^ contradicting the maximality of i. So we have len(_L^((i)) = i > I and 
hence -Lm(,d) — s{i) is a partition. 

We note that the subpartition consisting of the first I rows of -\-m{d) — s{i) equals □^(d') for 
some d' <d — \s{i)\. Moreover, \^i{d') ^ \I\^{d — |s(^)|) ^ /3 — s{i), where the last inequality is 
due to the minimality of □^(•)- It follows that ^-^n{d) — s{£) ^ P — s{£), which completes the 
proof of part (1). 

(2). For k > "'^^"'""^^ + m we define the following regular partition in Par^_)_i((i + km): 

^ic /X , -. X , « ^ , m(m + l), 
Xi^:={Xi + k-l,X2 + k-2,...,Xm + k- m, -^-^ ^). 

Part (1) yields J-m+i {d+km) ^ A^eg- Since A^gg ^ {Xi + k, . . . ,Xm + k,0) the claim follows. □ 
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Appendix: Section 5 

10.13. Proof of Proposition 5.1. We provide the proof in the cubic case only and thus 

assume Ui = C^. The matrix multipUcation tensor M^/ is the structural tensor of the associative 
algebra A = End(U). Note that = GL(U). Recall that La,Rb: A A denote the left 
multiplication with a and the right multiplication with b, respectively (a, b G A). If we interpret 
A = U ^U*, then we have L^Rb = a^b*. Lemma 10.5 states that any element g of stab(M{7) 
is of the form 

g = {Li.,{^-'y,R;.,{^-'y,LeRr,ij) 

for some e,r] £ A^,ip € AutA. The Skolem-Noether Theorem [16] implies that any automor- 
phism il) of A is of the form ip = LpRp-i for some p £ A^ . Wc thus obtain 

V^'^-Le-i = Lp-iRpL^-i = Lp-i^-iRp = p~^s~'^ (g) p*, 

which implies L*_i (■0"^)* = {ip~^L^-i)* = {{ep)~^)* (g) p. Similarly, we obtain (■0"'^)* = 

(gi ri~^p. Finally, L^Rrjip = ep ® (p^^rj)* — (P^^vT ® ^P- (The flip ~ is due to our 
convention Hom([/3, Ui) ~ (g) Ui, unlike Hom(;72, Ui) ~ t/i (g) U^, Hom(;73, U2) ~ C/2 g) 
Setting ai = ep, a2 = p, = r)~^p we see that g has the required form. □ 

Lemma 10.8. If the stabilizer of w G (?7i(g[/2)'g>(t^2 "^^3)^(^3 "^^i) contains the stabilizer H 
ofMu, then w = cM[/ for some c G C. 

Proof. We have to show that the space of iJ-invariants of (C/j" g) C/2) (g) (C/| g) J/a) g) (C/| g) C/i) 
is one-dimensional. Due to the description of H in Proposition 5.1 it suffices to prove that the 
space of GL(?7j)-invariants of U* (g Ui is one-dimensional. The latter follows as a special case 
of (9.1) taking = (1,0,..., 0). □ 

10.14. Proof of Proposition 5.2. We follow [27, Proposition 5.2.1]. Assume that Ui = C"*. 
Let T{Ks) and Tg denote the maximal tori of Kg := SL(J7i) x SL(;72) x SL(;73) and G^, 
respectively, consisting of triples of diagonal matrices with determinant 1. It is clear that 
Rg := ^{T{Ks)) is a subgroup of Tg. Since Rg is a connected subgroup of a torus, it is itself a 
torus and thus reductive [21]. 

We claim that Tg equals the centralizer of Rg in Gg. Indeed suppose that g = (51, 9'2) 53) Gs 
commutes with all elements of Rg. Then gi commutes with all diagonal matrices diag(ai6~^), 
where ai • • • a„j = 1 and b\---bn2 = 1- It is possible to choose ai,bj such that aib~^ arc 
pairwise distinct. Therefore gi must be a diagonal matrix. Similarly, 52,53 must be diagonal 
so that g £ Gg. 

We apply now Theorem 10.7 to the reductive subgroup Rg of the stabilizer H of Mf/. Any 
one-parameter subgroup a: — )■ Tg is of the form a{t) = {ai{t),a2{t),as{t)) with 

ai{t) = diag(t'^'0> (^2{t) = diag(t'^^'=), asit) = diag(r'=0, 

where p-ij^fju^T^ki G Z for i < ni,_7 < n2, A; < 713. Since detcri(t) = det(T2(t) = detu^it) = 1 we 
must have 



(10.6) 
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Let {eij),{ejk),{eki) denote the standard bases of C"!''"^^ C^^xns^ ^naxm^ respectively. The 
matrix multiphcation tensor can then be expressed as 

(ni, n2, ns) = ^ (g) ejk (8> eki- 

We have 

a(t)(ni,n2,n3) = ^ e^j ® ejk ® e^i. 

Suppose that the hmit of (T(t)(ni, 712, 7x3) for t ^ exist. Then 

Vi, j, A; + i/j-fc + TTjti > 0. 
Summing over all i,j,k and using (10.6) we get 

ij,fe k ij i j,k j k,i 

Therefore, we have ^ij + I'jk + TTki = for all i,j,k. We conclude that limt^o o'{t){ni,n2, na) = 
(ni,n2,n3). Theorem 10.7 implies that the Gs-orbit of {ni,n2-,n^) is closed. □ 

Appendix: Section 6 

10.15. Explicit realizations of Schur-Weyl modules. For the following well known facts 
see [11, 12]. Let V = C™' with the standard basis ei, . . . , e^- For a partition A d we denote 
by 7^ (A) the set of tableaux T of shape A with entries in {1, 2, ... , m}. Every T eTmW 
a content a G N™, where aj counts the number of occurences of j in T. 

Let St^ denote the standard tableau arising when we number the boxes of the Young diagram 
of A columnwise downwards, starting with the leftmost column, cf. Figure 2. We assign to 
T e Tm{X) the basis vector e(T) := (g) ■ • • Cj^ G V^"^, where jk G {1, ■ ■ ■ m} is the entry 
of T at the box which is numbered k in St^. In other words, jk is the kth entry of T when 
we read the tableau T columnwise downwards, starting with the leftmost column. Note that 
e(T) is a weight vector with respect to the subgroup C GL^ of diagonal matrices, and the 
weight of e(T) equals the content a of T. One should think of the tableau T as a convenient 
way to record the basis vector e(T). 



1 


4 


6 


8 


2 


5 


7 




CO 









Figure 2. StA for A ^ (4,3,1), Pa = Pcrm{l,4,6,8} x Perm{2,5,7} x Perm{3}, 
Qx = Perin{l, 2, 3} x Perin{4, 5} x Perm{6, 7} x Perm{8}. 

Let Px the subgroup of permutations in St^ preserving the rows of St;^ and denote by Qx the 
subgroup of permutations in St^ preserving the columns of S\, cf. Figure 2. To any T G Tm{X) 
we assing now the following vector in V®'^: 
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Note that v{T) is a weight vector and its weight equals the content a of T. 

Let T\ denote the semistandard tableau which in the ith. row only has the entry i. Clearly, 
T\ has the content A. Let ji = \' denote the partition dual to A and let £ be the length of /x. 
Then we have 

(10.7) vx ■= v{Tx) = (ei A . . . A e^J (g) • • • ® (ei A . . . A e^J. 

It is easy to see that vx is a J/^-invariant weight vector of weight A, where Um C GL^ denotes 
the subgroup of upper triangular matrices with ones on the main diagonal. Hence the GL^- 
submodule Vx generated by vx is irreducible of highest weight A. We have 

Vx = span{(xi A ... A x^uj (g) • • • (g) (xi A . . . A x^uj | a;i G F} 

and Vx is spanned by {v{T) \ T € 7^ (A)}. It is well known that the v{T) form a basis of Vx when 
T runs over all semistandard tableaux in 7^ (A). A basis of the weight space V^ is provided 
by the v{T) where T G TmW runs over all semistandard tableaux with content a. We embed 
Sm into GLm by mapping tt G Sm to the permutation matrix P^^. Note that the group Sm acts 
on Tm{X) by permutation of the entries of the tableaux. Then we have Pt^v{T) = v{TrT) for 
T G 7^ (A). We have thus found explicit realizations of Schur-Weyl modules. 

Suppose now d = m and consider the weight space <Sa := V^"" of weight £„ = (!,..., 1). 
Then Sx is a S'm-submodule of Vx- Moreover, the vectors v{T), where T runs over all standard 
tableaux of shape A, provide a basis of Sx- One can show that Sx is irreducible and isomorphic 
to [A]. We have thus also found an explicit realization of the irreducible S'm-module [A]. 

10.16. Tableaux straightening. An explicit description of the action the subgroup Sm of 
GL^ on the basis {v{T)) is provided by the following tableau straightening algorithm [11, 
p. 97-99, p. 110]. It takes as input any tableau T G Tm{^) and expresses the vector v{T) as an 
integer linear combination of the basis vectors v{S), where 5" is semistandard. This way, we 
obtain an explicit description of the operation of stab (a) on the weight space V^, which is 
required for applying Theorem 4.4. 

(1) If T is semistandard, return v{T). 

(2) If the columns of T do no have pairwise distinct entries, return 0. Otherwise, apply 
column permutations tt to put all columns in strictly increasing order by applying the 
rule Trv{T) = sgn(7r) ^(TrT). 

(3) If the resulting tableau is not semistandard, suppose the A;th entry of the j'th column 
is strictly larger than the kih entry of the (j + l)th column. Then we have v(T) = 
J2s ^('S')) where S ranges over all tableaux that arise from T by exchanging the top k 
elements from the (j + l)th column with any selection of k elements in the j'th column, 
preserving their vertical order. Continue recursively with the resulting S. 

See [11, p. 110] for a proof that this algorithm terminates (whatever choice of k and j is made 
in step (3)). 

10.17. Explicit construction of highest weight vectors in 0{W). Our goal here is to 
give an explicit description of the space of highest weight vectors of 0{W*)d, that is amenable 

to calculations (we replaced W by W* to simplify notation). We shall proceed in several steps. 
1. Recall from (10.7) that vx is a highest weight vector of Vx- We have (recall §10.1) 

(10.8) nxiV'^'') = sp&n{7rvx\7reSd}- 
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This follows from Schur-Weyl duality (10.1) and the fact that [A] is spanned by the /S^-orbit 

of any of its nonzero vectors. 

2. Now assume Wi = C™% consider W := Wi (8> W2 (8> W3 of format m witli the group 
G = GL{Wi) X GL{W2) X GL(H^3) acting on W and let A = (Ai, A2, A3) G A+(m). We define 
vx ■■= ®vx2<^vxs e W^^. Note that the group {Sd}^ acts on VF®*^. Equation (10.8) implies 

HxiW^") = UxAWf ) ^ nx:AWt) ® Hx.i}Vt) = spanjTTi;^ | tt G {Saf}. 

3. We embed Sd into (5^)^ diagonally via vr H> (7r,7r, tt). The induced action on W®'^ just 
permutes the different copies of W. Consider now the projection Psym : W®*^ Sym''VF onto 
the subspacc of symmetric tensors given by dl"^ 5^7re5d R-^call also 0{W*)ci '^^ Sym'^W . We 
arrive at the desired characterization 

nx{0{W*)d) = Hx{Sym'^W) = Psyr.(Hx{W®'^)) = span{Psym(7ri;A) I TL e Sl). 

Let w G W* . In order to prove that Vx{G) occurs in 0{Gw) it is sufficient to exhibit 
some TT G {SdY and some g € G such that PsymiKVx){9w) 7^ as polynomial evaluation. A 
straightforward algorithm for this evaluation requires at least R{wY steps and thus only allows 
the study of small examples in practice. 

10.18. Details of the proof of Lemma 6.1. Recall from §4.2 that the weight space is 
invariant under the action of stab(a). We are interested in the splitting of into irreducible 
stab(a)-modules. 

Remark 10.9. In the special case a = dem, where stab(a) = Sm, it is known [13] that the 
arising multiplicities are special plethysm coefficients, namely 

mult([7r], F^f^-") = mult(FA(GL^), 5^(Sym'^C"')) for tt h m. 
Lemma 10.10. Let < s < m, d > 1. Then V^^_^-^^^ ~ [(m - s) 1*] as Sm-modules. 

Proof. Let ST denote the set of semistandard tableaux of shape {dm — s)V and content dsm- 

Moreover, let S denote the set of standard tableaux of shape (m — s)l*. Let T G ST and 
suppose that l,a\, . . . ,as arc the entries of the first column of T. After deleting d — 1 of 
the boxes with the entries 1, . . . ,m from the first row of T, we obtain a standard tableau 
tp(T) G 5. It is clear that tp: ST — >■ 5 is a bijection. The algorithmic description of the Schur- 
Weyl modules above easily implies that tp^nT) = TTtp(T) for any tt G Sm. We use now that 
{v{T))t£ST and {v(T'))j'i^s form a basis of the weight space ^(^^_5)is and the 5j„-module 
[(m — s) 1^] realized as a submodule of (C™)®"* as in §10.15. □ 

Taking d = 2 and s = 3 we get (^2£''r ® ^26'^ ® ^fm-3)i3) - {['m]0[m](Si[{m-3) l^])^"" = 0. 

Lemma 10.11. As Sm-i x S2-modules we have 

1. y(|:„)'i'^[m-l]§5[2]. 

^- ^(2m-3H3 - ([(m-4)l3]®[2])®([(m-2)l]®[l2])©([(m-3)l2]®[2])©([(m-3)l2]^[l2]). 

Proof. 1. There is a single semistandard tableau T of shape 2™" and content 2'^~^ 1^: the ith 
row contains the entries i,i foi i < m and the mth row contains m,m + 1. The tableau T is 
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fixed by the action of Sm-i- The transposition tt in ^2 exchanges m and m+ 1. However, the 

straightening algorithm shows that v{'kT) = v(T). 

2. The basis of ^(2m-3V'^ indexed by semistandard tableaux which fall into four different 
classes as indicated in Figure 3 and Figure 4. 



1 2 2 3 3 



m4m4 TTl ttt^ 
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Figure 3. Tableaux of class 1 and class 2. 
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Figure 4. Tableaux of class 3 and class 4. 

Omitting the boxes with entries m,m + 1 in the tableaux of class 1 and deleting repeated 
entries in the first row, we obtain a bijection of the set of tableaux of class 1 with the set of 
standard tableaux of shape (m — 4) 1^ . It follows that the span of the basis vectors of class 1 
is isomorphic to [{m — 4) 1^] ^ [2]. 

Similarly, the tableaux of class 2 are in bijection with the standard tableaux of the shape 
(m — 2) 1^. The span of the basis vectors of class 2 is isomorphic to [(m — 2) 1^] (g) [1^] (note 
the sign change when permuting m with m + 1). 

Let T denote the set of tableaux of class 3 and consider the transposition vr := {mm + 1). 
Then {vrT | T € T} is the set of tableaux of class 4. Clearly, T is in bijection with the standard 
tableaux of shape (m - 3) 1^ The vectors v{T) + Trv{T) for T G T span [(m - 3) 1^] (g) [2], 
whereas the vectors v{T) — Trv{T) span [(m - 3) 1^] (g) [1^]. □ 

Lemma 10.11 implies now 

which was needed in the proof of the first part of Lemma 6.1. We omit the details of the proof 

of the second part of this lemma, see however §10.17. 
The following was claimed in Remark 6.2. 

Lemma 10.12. Letn> 2. Then ^(2"" , (2n)", (2n)") = 1 and g{{2n^ -3) l^, (2n)", (2n)") > 0. 

Proof. The first claim follows from [8, Satz 3.1]. For the second claim, we note that A := 
{{2n? - 3) 1^, (2n)", (2n)") can be decomposed as A = /x + (n - 1) ■ (2n,2",2"), where fj, := 
((2n - 3)1^2",2"). It is clear that g{2n,2'^ ,2"") = 1. It follows from [31, 33] that g{fi) = 
g{{2n — 3, 1^), (n^), {v?)) = 1. Since the triples with positive Kronecker coefficients form a 
semigroup, the second assertion follows. □ 
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Appendix: Section 7 

Proposition 10.13. Let Z he an irreducible normal complex algebraic variety and f he a 
regular function defined on a nonempty Zariski open subset of Z . If f has an extension to Z 
which is continuous in the C-topology, then f has a regular extension to Z. 

Proof. The proof uses some standard facts from algebraic geometry [30, III, §8]. Since Z is 
normal, the rational function / has a well defined divisor. Suppose that / had a pole of 
multiplicity A: > 1 at the irreducible hypersurface H of Z. Let p denote the vanishing ideal 
of H. Then we can write / = p^^g/h for some g,h E 0{Z) such that g,h ^ p. Choose 
z & H such that g[z)h[z) ^ and let Zk be any sequence in Z converging to z. Then 
limfc^oo fi^k) = contradicting the assumption that / has a C-continuous extension to Z. 
Therefore, / has no pole divisor and hence / is a regular function. □ 

Proposition 10.14. Let Z he an irreducible affine complex algebraic variety and U C. Z be a 
nonempty Zariski open subset, U ^ Z. If U is affine, then Z \ U is of pure codimension one 
in Z. 

Proof. (Sketch) We use some standard facts from algebraic geometry. Let (p: Z ^ Z he the 
normalization of Z, cf. [15]. Then Z and U := ip~^(U) arc afhnc. Let Q be the irreducible 
components of Z\U. Since if is finite, := ip~^{Ci) are the irreducible components of Z\IJ 
and dimCj' = dimCj. We may therefore assume that Z is normal. 

Suppose first that all the irreducible components of Z \ U have codimension at least two. 
Consider the injection l:U^Z. The restriction morphism /.* : 0{Z) 0{U) is bijcctive 
since, by a reasoning as in the proof of Proposition 10.13, any regular function on U can be 
extended to Z. Since Z and U are assumed to be affine, l is an isomorphism and hence U = Z. 
We omit the proof of the general case. □ 

The following general result is due to [26] . 

Proposition 10.15. Let G be a reductive group and H be a closed subgroup. Then G/H is 
affine iff H is reductive. 

10.19. Proof of Theorem 7.1. The following lemma settles part (1) of Theorem 7.1. 

Lemma 10.16. Suppose that w eW and Em & S°{w), where m = (dim Wi, dim I/F2, dim 14^3 ). 
Then we have mi = m2 = . 

Proof. We have det^ = 1 for all g G stab(it;) by our assumption Em G S"{w), On the other 
hand, (aidmn bidm^jCidms) G stab(u;) for any a, 6, c G with abc = 1. This implies 

1 = det(aid^i,6id^2,cid^3) = a"'^b"'^c"'^ = a""^'""^ irn^-ma 

Therefore, nii = ni2 = m^. □ 

The next lemma shows part (2) of Theorem 7.1. 

Lemma 10.17. Let w (zW \ {0} be stable and u € Gw \ Gw. Suppose that (gn) is a sequence 
in G such that lim.n^oo9nW = u. Then we have lim„^(x, dety^ = 0- 
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Proof. Since GsW is closed and ^ GgW we have 

£ := inf{||5'«;|| | g G Gg} = mm{\\gw\\ \ g e Gg} > 0. 
For each n there are ^„ G Gg such that 

(10.9) = det^n gnW. 

Hence Hffntt'll = iflct(7„| llffn'Ji'll- Since hmn_>.oo Ibn'u^ll = \\u\\ and H^n'fi^ll > £ > we conclude 
that [dct(/„| < ||5(„tt;||/e is bounded. 

If lim„^oo detg'^ = were false, then there would be some nonzero limit point 6 of the 
sequence (det^^). After going over to a subsequence, we have lim„^oodet^„ = S. From (10.9) 
we get lim„_^oo gn'w = S~^u. Hence 6~^u G GgU = GgU, which implies the contradiction 
u e Gw. □ 

For the third part of Theorem 7.1 we note that for w (zW and g,h G G 

(10.10) gdct^ihw) = det^.ig''^ hw) = det{g~'^h) = dct{gy^dct{h) = dct{g)~^ det^ (hw). 

If det^ had a regular extension to Gw, then (10.10) shows that Cdet^i, is a submodule of 
0{Gw) of highest weight —Em- Hence 0{W) would contain an irreducible submodule of highest 
weight —Em as well. On the other hand, the Kronecker coefficient giem) vanishes if m > 1. 
This contradicts (10.3) and proves that dct^ is not a regular function on Gw. 

Proposition 10.13 combined with part (2) and part (3) implies now that Gw is not a normal 
variety, showing the fourth part of Theorem 7.1. 

Part (5) of Theorem 7.1 follows by tracing the proof of Proposition 3.6: Let / G 0{Gw)d 
be a highest weight vector. The restriction / of / to GsW does not vanish since Gw is the 
cone generated by G^-u;. So / is a highest weight vector for the action of Gg- Let M de- 
note the irreducible Gs-module generated by /. The Gs-equivariant restriction morphism 
res: 0{Gw) — )■ 0{Ggw) is surjective since GgW is assumed to be closed. Hence there exists 
an irreducible G^-module N C 0{Gw) that maps to M under res. Wc have N C 0{Gw)s for 
some degree 5. Let F be a highest weight vector of the G^-module A''. Then res(F) = c/ for 
some c € C^. W.l.o.g. c = 1. 

For each g E G there exists g E Gg such that gw = det ggw. Moreover, since F is homoge- 
neous of degree 6, 

F{gw) = {deigfF{gw) = {detgff{gw). 
Moreover, since / is homogeneous of degree d, f{gw) = {detg)'^ f {gw) . We conclude that 

F{gw) = {deigf-''f{gw) = {det^{gw)f-''f{gw). 
Therefore, {dctf-'^f = F is regular on Gw and the assertion follows. □ 

10.20. Proof of Corollary 7.2. (1) The first assertion is immediate from Theorem 7.1. 

(2) Put = ® C"* (8> C"*, w; := (m). Proposition 4.1 implies that (det^)^ = 1 for all 
g G stab(w). As in the proof of Theorem 7.1 we show that det^: Gw C has a continuous 

extension to Gw. 

If det^ had a regular extension to Gw, then 0{W) would contain an irreducible submodule 
of highest weight A = (2"*, 2"*, 2"*) (compare (10.10)). On the other hand, using the symmetry 

property g{\, fi, v) = g{X' , fi', u) of Kronecker coefficients [34] (with A' denoting the transposed 
partition), we obtain 5^(2™, 2"^, 2"^) = g{m?,m?,2"^) = for m > 5. (The vanishing since the 
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right hand partition has more than four rows.) This contradicts (10.3) and proves that det^ 
does not have a regular extension to Gw. The assertion follows now with Proposition 10.13. □ 

10.21. Proof of Proposition 7.3. Put H := stab(i/;) and Hg := H D Gg- If w is stable, then 
Gg/Hg — GgW is closed and hence affine. By Proposition 10.15, Hg is reductive. Consider 
the morphism H — )■ {C^Y,g i->- (detg'i, det52; detya) with kernel Hg. Since reductiveness is 
preserved under extensions, and closed subgroups of (C^)^ are reductive, it follows that H is 
reductive [18]. Proposition 10.15 implies that G/H ~ Gw is afHne. The last assertion follows 
by applying Proposition 10.14 to Z = Gw and U = Gw. □ 

Appendix: Section 8 

The easy proof of the following observation is left to the reader. 

Lemma 10.18. Let A^, . . . , G S{w) be a system of generators for the semigroup S{w) with 
A* G A+(m). Then P{w) is the convex hull of ^ A^ , • • • , ^ A^ . Moreover, any rational point of 

P{w) is a rational convex combination of these points. 

Lemma 10.19. If Um G P{w) then there exists £ > 1 such that ISm € S{w). 

Proof. By Lemma 10.18, rational convex combination of ^A^, . . . , ^A'^. Hence there 

exist integers Ni > 0, N > such that Num = J2i -^iA* G S{w). Moreover, Num = iSm where 
i := N/m G N. □ 

10.22. Proof of Theorem 8.4. For the second statement take any A = (A12, A23, A31) in 
A^^(n^,n^,n^). Consider the rectangular partition (d") = {d,...,d) l-„ dn. The main result 

in [4] states that for ij = 12, 23, 31 there exists a positive stretching factor kij G N such that 
g{kijXij, {kijdy^^, (kijd)'"') 7^ 0. Let k be the least common multiple of ki2,k23,ksi. Then we 
have for ij = 12, 23, 31 

gikXij,ikdr,ikdr)^o. 

Theorem 5.3 with ytij = (kd)"' A;dn implies that /cA G S°{{n,n,n)). Hence ^A G P°{{n,n,n)). 
Since the set of ^A is dense in A(n^, n^, n^), we obtain P°{{n, n, n)) = A(n^, n^, n^) as claimed. 
The statement for the unit tensors is an easy consequence of Corollary 4.5(2). □ 

10.23. Proof of Lemma 8.5. Let x = ^ A with A G S°{w) n A^(?t7.). Proposition 3.6 implies 
that there exists k G^L such that A + fce^ G -S'(w;), cf. (3.2). We may assume > due to 
Lemma 10.19 and our assumption u^n G P{w). Hence the point 

1 d km 
-(A + kern) = — x + 



d + km — d + km d + km 

\i - in P(w). From the convexity of P{w), we conclude that {tx+{l—t)urn \ <t < 6} C. P{w), 
where 6 := d/ {d+km). Replacing S by the minimum of these values for all generators of S°{w), 
we obtain that 

Vx G P°{w) \/0<t<d tx + {l- t)Urn G P{w). 

□ 
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